Abstract. We construct virtual fundamental classes in all intersection theories including Chow, K and algebraic cobordism for quasi-projective Deligne-Mumford stacks with perfect obstruction theories and prove the virtual pullback formula, the virtual torus localization formula and cosection localization principle.
Introduction
An intersection theory in algebraic geometry is about finding the intersection of subschemes modulo an equivalence relation. The prototype for all intersection theories is Bezout's theorem: If H 1 , · · · , H n are hypersurfaces of degree d 1 , · · · , d n in the projective space P n , their intersection H 1 ∩ · · · ∩ H n has at most i d i points or contains an algebraic curve.
A modern presentation of Bezout's theorem involves a graded abelian group A * (P n ) ∼ = Z n+1 with intersection product
where the first map is the exterior product ξ ⊗ η → [ξ × η] and the second map is the intersection with the diagonal, or the lci pullback by the diagonal. The intersection pairing is defined by
where p * : A * (P n ) → H * (Spec k) = Z is the projective pushforward by p : P n → Spec k.
In late 19th century, Schubert extended Bezout's theorem to Grassmannians and solved many enumerative problems about the numbers of lines and planes satisfying constraints. But Schubert's computations were not entirely rigorous and when listing up 23 problems for the 20th century, Hilbert included it as the 15th problem to provide a rigorous foundation of Schubert's enumerative calculus [31] . In late 1970s, Fulton and MacPherson developed a rigorous intersection theory for schemes, a main ingredient of which is the refined Gysin pullback obtained by a deformation to the normal cone together with the excision and the A 1 -homotopy properties of Chow groups [15] . Their intersection theory was updated by Vistoli [53] for Deligne-Mumford stacks and by Kresch for Artin stacks [35] .
In order to provide an algebro-geometric theory of Gromov-Witten invariants, the theory of virtual fundamental class was invented in 1995 by Li-Tian [42] and Behrend-Fantechi [1] , based on the Chow intersection theory in [15, 53, 35] . Their construction was later relativized to the theory of virtual pullback by Manolache [43] and actually it is a natural generalization of Fulton-MacPherson's refined Gysin pullback after a choice of an embedding of the normal cone (stack) into a vector bundle (stack). The virtual fundamental class has played a key role in enumerative geometry and was studied intensively during the past two decades.
As suggested by Kontsevich [32] already in 1995, given a Deligne-Mumford stack X with a perfect obstruction theory, the virtual fundamental class [X] [39] ) and the virtual Riemann-Roch was proved in [14] . (See also [28, Theorem 5.8] .) Quite recently, J. Shen in [49] constructed a virtual fundamental class [X] vir Ω in the algebraic cobordism theory Ω * of Levine-Morel [40] for quasi-projective schemes (cf. Theorem 2.6). So it seems natural to ask if there are any other homology type theories where the virtual fundamental classes are defined with nice expected properties.
Despite the huge number of research articles on virtual invaraints like Gromov-Witten and Donaldson-Thomas invariants, there are only a few methods for handling virtual fundamental classes. The three most important techniques for virtual fundamental classes are vir . The virtual pullback formula for Chow was proved in [1, Propostion 5.10] and [30] in the special case of lci pullbacks and in [43] in full generality. It was extended to cosection localized virtual fundamental classes in [5] and to the setting of semi-perfect obstruction theory in [24] . Recently Qu proved the virtual pullback formula for the virtual structure sheaves in [48] . The virtual torus localization formula for Chow was proved by GraberPandharipande [18] and later generalized to the cosection localized virtual fundamental classes in [5] . (See also [24] .) The cosection localization principle was proved in [27] for the Chow class [X] vir CH and later for the K-theory class [X] vir K = [O vir X ] in [28] . So one may ask whether these three important techniques may be generalized to virtual fundamental classes for any other homology type intersection theories.
The goal of this paper is threefold:
(1) to extract key properties from [15] and codify the notion of an intersection theory for schemes and stacks (Definition 2.2);
(2) to construct virtual fundamental classes in all intersection theories (Definitions 4.2, 4.7, and 4.13); (3) to prove the virtual pullback formula (Theorems 4.4, 4.9 and 4.16), the virtual torus localization formula (Theorems 6.6 and 6.8) and the cosection localization principle (Theorems 5.2 and 5.8) for virtual fundamental classes in all intersection theories.
For quasi-projective schemes, our results generalize all the known virtual fundamental classes and their key properties. Unfortunately, it seems extremely difficult to extend an intersection theory for schemes to stacks, with only one successful example of Chow theory. For example, we don't have an algebraic cobordism theory for Artin stacks. However, even if we are only interested in schemes, we do need to handle intersection theories of cone stacks and vector bundle stacks. To handle cone stacks even in the absence of an intersection theory for stacks which extends a given intersection theory H * for quasi-projective schemes, we may define a homology type theory (Definition 3.1) for algebraic stacks X by the inverse limit
where t : T → X runs through all smooth morphisms from quasi-projective schemes T . This limit theory has the following nice properties:
(1) H * extends H * , i.e. for quasi-projective schemes X, H * (X) = H * (X); (2) for global quotients X = [X/G], H * (X ) coincides with the equivariant Chow theory of Edidin-Graham [11] when H * = CH * is Chow and with the equivariant algebraic cobordism of Krishna [37] and Heller-Malagón-López [19] when H * = Ω * is Levine-Morel's algebraic cobordism theory; (3) H * is the terminal extension of H * for quasi-projective schemes to algebraic stacks, i.e. if the intersection theory H * for quasi-projective schemes extends to algebraic stacks, then there is a functorial homomorphism H * (X ) → H * (X ) for an algebraic stack X ; (4) for the category of algebraic stacks admitting a good system of approximations by quasi-projective schemes (Definition 3.3), H * is a weak intersection theory (Theorem 3.11), i.e. H * satisfies all the axioms for an intersection theory except that the excision sequence is replaced by a weaker condition (Definition 2.7).
It turns out that this limit intersection theory suffices for our purpose of constructing virtual fundamental classes and proving their key properties.
The layout of this paper is as follows. In §2, we codify the notion of an intersection theory for schemes and stacks and discuss useful properties as well as examples. In §3, we introduce the limit intersection theory of stacks from an intersection theory of schemes and show that in the category of algebraic stacks which admit good systems of approximations, the limit theory is a weak intersection theory. In §4, we prove the virtual pullback formula for all intersection theories of schemes and for their limit intersection theories. In §5, we establish the cosection localization principle for all intersection theories of schemes and for their limit intersection theories. In §6, we prove the virtual torus localization formula again for all intersection theories of schemes and for their limit intersection theories.
All schemes and stacks in this paper are algebraic, quasi-separated, locally of finite type and defined over a field k of characteristic zero.
We thank Jinhyun Park, Junliang Shen, Amalendu Krishna and Jeremiah Heller for useful discussions.
Intersection theories of algebraic stacks
In this section, we introduce the notion of an intersection theory for algebraic stacks and discuss examples. We also introduce the notion of a weak intersection theory.
Let us summarize the Fulton-MacPherson intersection theory in [15] . For each scheme X, we have a graded abelian group, the Chow group CH * (X) of algebraic cycles i n i [ξ i ] modulo rational equivalences [15, §1.3] . These Chow groups have following structures.
• Projective pushforward [15, §1.4] : For a projective f : X → Y , we have a pushforward map
• Smooth pullback [15, §1.7] : For a smooth morphism f : X → Y of constant relative dimension e, we have a pullback map
• Exterior product [15, §1.10]: For schemes X and Y , we have a map
• Intersection with divisor [15,
of a scheme X, we have a map
These satisfy natural compatibility conditions and the following.
• Excision sequence [15, §1.8] : For a closed immersion ı : Z → X and its complement  : X − Z → X, we have an exact sequence
• Extended homotopy [15, §1.9] : If E is a vector bundle of rank r on X and p : V → X is an E-torsor, then the smooth pullback p * : CH * (X) → CH * +r (V ) is an isomorphism. From these, the following important maps follow.
• Specialization homomorphism [15, §5.2] : For a closed immersion X ֒→ Y , consider the deformation space M • X/Y obtained by blowing up Y × P 1 along X × {0} and deleting the strict transformation of Y × {0}. Then M • X/Y is flat over P 1 and the fiber over t = 0 (resp. t = 0) is the normal cone
gives us the specialization homomorphism sp :
with f : Z ֒→ W a regular immersion of codimension c. Then the induced closed immersion C X/Y ֒→ q * N Z/W of the normal cone into the pullback of the normal bundle of Z in W gives us the refined Gysin pullback by the composition
where the last map is given by the extended homotopy. When p = id Y and q = id X , we will write f * = f ! .
• Intersection product [15, §8.3] : If X is a smooth scheme of dimension n, the diagonal embedding ∆ : X → X × X is regular so that it gives us the intersection product
From the above summary, it seems reasonable to codify the notion of an intersection theory for algebraic stacks as follows.
Definition 2.1 (Admissible category).
A full subcategory V of the 2-category St k of all algebraic stacks, quasi-separated and locally of finite type over k, is called admissible if
For instance, the full subcategory Sch k of all schemes of finite type over k is admissible. Likewise, the subcategory QSch k of all quasi-projective schemes over k is admissible. The subcategory DM k of all Deligne-Mumford stacks over k is also admissible. By (1) and (4), all admissible categories V of algebraic stacks contain QSch k . Definition 2.2 (Intersection theory for stacks). Let V be an admissible category of algebraic stacks in St k . An intersection theory for V consists of (i) a Z-graded abelian group H * (X) for X ∈ V and 1 ∈ H 0 (Spec k);
(ii) (projective pushforward) a graded homomorphism (7) If a local complete intersection morphism f : X → Y of constant relative dimension d factors as f = h • g, with g : X → Z a regular closed immersion and h : Z → Y a smooth morphism, then the lci pullback of f defined by
is independent of the factorization f = h • g. (8) For projective morphisms f and g,
(9) For smooth morphisms f and g,
(10) For two Cartesian squares
Extended homotopy: For a vector bundle E of rank r over X and an E-torsor p : V → X, the pullback p * : H * (X) −→ H * +r (V ) is an isomorphism. (PB) Projective bundle formula: For a vector bundle E of rank r over X and the associated projective bundle p : PE → X, we have an isomorphism
(Exc) Excision sequence: For a closed immersion ı : Z ֒→ X and its complement  : X − Z → X, we have an exact sequence
(DS) Detection by smooth schemes: For any scheme X ∈ QSch k , the projective pushforwards f * for projective morphisms f : Y → X from smooth quasi-projective schemes Y give us an isomorphism
where the limit is taken over all projective morphisms Y → X with Y smooth and the transition maps of the limit are given by the projective pushforwards of projective morphisms Y → Y ′ over X.
For any intersection theory H * for V ⊂ St k , we can derive the following from Definition 2.2.
Chern classes: For a vector bundle E of rank r over a scheme X, the i-th Chern class
can be defined by the splitting principle (cf. [40, Remark 4.1.2]). Chern classes commute with projective pushforwards, smooth pullbacks, exterior products, refined Gysin pullbacks and other Chern classes. The splitting principle gives us the Whitney sum formula and the self intersection formula 0 ! E • 0 E * = c r (E) where 0 E : X ֒→ E is the zero section. The items (5) and (7) 
Furthermore, if p : PE → X is the associated projective bundle, then
Specialization homomorphism: For a Deligne-Mumford type morphism f : X → Y of algebraic stacks, we can define the specialization homomorphism
where C X/Y denotes the intrinsic normal cone of f if X, Y and the deforma-
Here a morphism f is of Deligne-Mumford type if the diagonal ∆ f : X → X × Y X is unramified and the intrinsic normal cone C X/Y is defined as the cone stack over X associated to the groupoid
where the vertical arrows are smooth surjective and the top horizontal arrow U → V is a closed immersion of schemes with R = U × X U and
Indeed, we have the deformation space M • = M • X/Y which is flat over P 1 and whose fiber over 0 is the intrinsic normal cone
where p : Y × A 1 → Y is the projection and C· is the intersection with the divisor C. The specialization homomorphism is defined by
Refined Gysin pullbacks by specialization: Consider a Cartesian square
where the last map is the Gysin pullback by the zero section or the isomorphism by the extended homotopy. We leave it as an exercise to deduce that (2.8) coincides with the refined Gysin map for f from Definition 2.2.
Formal group law for schemes: There is an
by the same proof in [40, Proposition 5.2.4] . As a formal group law of rank one, F H (u, v) satisfies the properties like
, there is a power series g(u) with constant term −1 such that (2.10)
Note that the map
is not a group homomorphism unless F H (u, v) = u + v. It is a natural transformation of sets.
From the above, the following is immediate. Example 2.5 (Algebraic K-theory). Let K 0 (X) be the Grothendieck group of coherent sheaves on an algebraic stack X. Consider the graded group
where β is a formal variable of degree 1 and K 0 (X) has degree 0. For a smooth morphism f : X → Y of constant relative dimension d, the smooth pullback is defined by
The refined Gysin map f ! is defined by the left derived tensor product. For a projective morphism f : X → Y , the projective pushforward is
For L ∈ Pic(X), the first Chern class homomorphism is defined by
and the formal group law is F K (u, v) = u + v − βuv. The exterior product is
The excision sequence (2.4) holds for K 0 (X) by [38, Corollary 15.5 ] and the proof of [2, Proposition 7] . Also the axiom (DS) follows from [10] . All the other axioms in Definition 2.2 are easy to check except (EH) and (PB). These last two axioms are proved in [2] for schemes. Therefore
is an intersection theory for schemes. It is probably true that (EH) and (PB) hold for K 0 of all algebraic stacks but we don't know a proof.
In fact, there are infinitely many intersection theories for quasi-projective schemes because we can always construct a new theory by twisting a given theory with Todd classes (cf. [40, 7.4.2] ). However there is a universal theory. There is an intersection theory Ω * (X) for quasi-projective schemes X ∈ QSch k , called the algebraic cobordism, which is generated by cobordism cycles
where f is a projective morphism from a smooth quasi-projective scheme Y , with relations from the double point degenerations in [41] . The algebraic cobordism theory Ω * is universal in the sense that for any intersection theory H * for QSch k , there is a unique homomorphism
that preserves projective pushforwards, smooth pullbacks, refined Gysin pullbacks and exterior products.
Proof. By [40, Theorem 7.1.3] , the algebraic cobordism is universal among oriented Borel-Moore homology theories for QSch k . Since every intersection theory for QSch k is an oriented Borel-Moore homology by Lemma 2.3 and the algebraic cobordism satisifes all the axioms for an intersection theory for QSch k by [40] , the theorem is a direct consequence of [40, Theorem 7.1.3] .
Sometimes the excision sequence (Exc) in Definition 2.2 may not be available but a weaker condition may hold. So we introduce the following.
Definition 2.7 (Weak intersection theory for stacks).
A weak intersection theory for an admissible category V ⊂ St k consists of (i)-(v) in Definition 2.2 satisfying all the axioms except that (Exc) is replaced by (WEx) Weak excision: For a closed immersion ı : Z ֒→ X and its complement  : X − Z → X in V, the smooth pullback
is surjective. If ı is regular of codimension r and the normal bundle N Z/X is trivial, then there is a unique homomorphism
It is straightforward that (Exc) implies (WEx) and hence an intersection theory is a weak intersection theory.
Specialization: For a weak intersection theory H * for V, we still have the specialization homomorphism (2.7) as the composite
The specialization homomorphism commutes with projective pushforwards and smooth pullbacks.
Limit intersection theory
As we saw above, there are many interesting intersection theories for quasi-projective schemes in QSch k . But it is extremely difficult to extend an intersection theory for QSch k to an intersection theory for a larger category of algebraic stacks. However, there is a direct way to construct an extension as a weak intersection theory for algebraic stacks as we will see in this section.
3.1. Limit intersection theory. In this subsection, we introduce the notion of limit theory of an intersection theory for quasi-projective schemes and define natural maps.
Definition 3.1 (Limit intersection theory).
Let H * be an intersection theory for QSch k . To an algebraic stack X ∈ St k , the limit (weak) intersection theory assigns the inverse limit
for each d, where t is a smooth morphism of constant relative dimension
with t, t ′ smooth and T, T ′ ∈ QSch k , we use the lci pullback
to define the limit. Observe that
is the composition of a regular local immersion and a smooth morphism.
The limit theory immediately comes with the following.
Projective pushforward: For a projective morphism f : X → Y of algebraic stacks, any smooth morphism T ′ → Y from a quasi-projective scheme T ′ induces a smooth morphism T = T ′ × Y X → X from the quasi-projective scheme T as well as a projective morphism f T : T → T ′ . Hence, the projective pushforward (f T ) * : H * (T ) → H * (T ′ ) for each T ′ gives us the projective pushforward
Smooth pullback: For a smooth morphism f : X → Y of algebraic stacks of relative dimension e, any smooth morphism t : T → X with T ∈ QSch k induces a smooth morphism t ′ = f • t : T ′ = T → Y and hence we have the smooth pullback (3.3)
First Chern class: For a line bundle L over an algebraic stack X and a smooth morphism t : T → X from a quasi-projective scheme T , we have the first Chern class c 1 (t * L) :
. This gives us the first Chern class homomorphism
Extension of H * : When X is a quasi-projective scheme, we have a canonical isomorphism
because every smooth morphism t : T → X factors through id X .
Terminal extension: If H * is actually an intersection theory for an admissible category V ⊂ St k , then there is a unique homomorphism
that preserves projective pushforwards, smooth pullbacks and the first Chern classes. Indeed, for any smooth t : T → X , the smooth pullbacks t * : H * (X ) → H * +d(t) (T ) define the desired homomorphism (3.5).
Compatibility: It is straightforward that the items (1)- (4) Lemma 3.2. Let f : X → Y be a smooth quasi-projective morphism of algebraic stacks. For each smooth morphism t : T → Y from a quasi-projective scheme T , the induced morphism T × Y X → X is a smooth morphism from a quasi-projective scheme T × Y X . Then the natural map
is an isomorphism for all d.
Proof. We construct an inverse map. Fix
For any smooth t ′ : T ′ → X with T ′ ∈ QSch k , the composition t = f • t ′ : T = T ′ → Y is also smooth and hence we have an lci morphism (id, t ′ ) :
It is easy to see that
and the assignment (ξ t ) → (ξ t ′ ) is the inverse map to the natural map in the lemma.
Proof of (EH) and (PB). For the extended homotopy (EH), note that for any smooth T → X , T × X V → T is a torsor over a vector bundle of rank r over T . Since the extended homotopy H * (T ) ∼ = H * +r (T × X V ) holds for schemes by assumption, we have an isomorphism
The proof of the projective bundle formula (PB) is similar.
The limit theory H * in Definition 3.1 arising from an intersection theory H * for QSch k has the following additional structures.
Intersection ring: When X is a smooth algebraic stack, there is a commutative ring structure on H * (X ) such that for any smooth morphism f : Y → X , the smooth pullback f * : H * (X ) → H * +e (Y) is a ring homomorphism. Indeed, for each smooth t : T → X with T a quasi-projective scheme, we have the intersection ring H * (T ) because T is a smooth scheme. Since the lci pullbacks for schemes preserve the intersection ring structure, we obtain the desired ring structure on H * (X ). v] ] is the formal group law in (2.9) for QSch k , the same formula
holds for any line bundles L 1 and L 2 over an algebraic stack X . For stacks, Chern classes may not be nilpotent but the equation (3.6) still makes sense
Chern classes: For a vector bundle E over an algebraic stack X , the i-th Chern class
can be defined by the limit as in (3.4) . Also, if p : PE → X is the associated projective bundle, then we have
) r−i = 0. Gysin map for a vector bundle stack: For a vector bundle stack E over an algebraic stack X , we define the Gysin map
as follows. First, assume that E is globally presented, i.e. E = [E 1 /E 0 ] for some homomorphism E 0 → E 1 of locally free sheaves. Then (3.7) is defined by the smooth pullbacks
which are isomorphisms by the extended homotopy property since E 1 → E is a E 0 -torsor and E 1 → X is a E 1 -torsor. Here r 0 and r 1 are the ranks of E 0 and E 1 respectively, and r = r 0 − r 1 is the rank of the complex
In general, for any smooth morphism t : T → X from a quasiprojective scheme T , the vector bundle stack t * E is globally presented by the resolution property of the quasi-projective scheme T . The Gysin maps 0 * t * E : H * (t * E) → H * +r (T ) for all t : T → X give us the desired map 0 * E .
3.2.
Good system of approximations. In order to make the limit theory H * a (weak) intersection theory for stacks, we further need the refined Gysin pullbacks and exterior products. To make sense of these maps, we confine ourselves to a smaller category of algebraic stacks.
Definition 3.3 (Good system of approximations).
Let H * be an intersection theory for QSch k . A good system of approximations for an algebraic stack X with respect to H * consists of morphisms
and x i are 2-isomorphic; (2) x i is smooth of relative dimension d(x i ) and X i ∈ QSch k ; (3) for any quasi-projective scheme S and a quasi-projective morphism S → X , the natural map
is an isomorphism for all d; (4) for any quasi-projective morphism Y → X of algebraic stacks, the lci pullback
induced by x i,i+1 is surjective.
If (1)-(4) hold for any intersection theory H * for QSch k , we say (3.8) is a good system of approximations. We let St ga k ⊂ St k be the full 2-subcategory of X ∈ St k such that (1) the diagonal ∆ X : X → X × X is quasi-projective and (2) X has a good system of approximations.
For our discussion below, the following simple lemma will be useful. 
we find that the top horizontal arrow is quasi-projective and hence X × Z Y also admits a good system of approximations by Lemma 3.4. If X → Y is quasi-projective and the diagonal ∆ Y of Y is quasi-projective, then so is the diagonal ∆ X of X . Indeed, X × Y X → X ×X is quasi-projective since ∆ Y is quasi-projective and the diagonal ∆ X /Y : X → X × Y X is a closed immersion. The quasi-projectivity of the diagonal of X × Z Y is similar. 
The quotients {U i /G → BG} is a good system of approximations for the classifying stack BG = [pt/G] by the proof of [19, Proposition 15] . Moreover the diagonal of BG is affine.
Let X be a quasi-projective scheme with a linear action of a linear algebraic group G. Then the quotient stack X = [X/G] is quasi-projective over BG and X admits a good system of approximations
with U i above. It is easy to see that the diagonal of X = [X/G] is quasiprojective. Therefore the quotient stack X of a quasi-projective scheme by a linear algebraic group lies in St ga k . When there is a good system {x i : X i → X } of approximations, the limit theory H(X ) is the inverse limit of H * (X i ) only. Proposition 3.7. Let X ∈ St ga k be an algebraic stack equipped with a good system {x i : X i → X } of approximations. Then the smooth pullbacks x * i :
for all d. In particular, the right hand side of (3.9) is independent of the choice of good approximations.
For any smooth morphism t : T → X with T quasi-projective, we have an isomorphism
The smooth pullbacks by T × X X i → X i induce elements η t ∈ H * +d(t) (T ) by the isomorphism. It is straightforward to check that
and the map ξ → η is the inverse of (3.9).
We obtain the following from Example 3.6 and Proposition 3.7.
Corollary 3.8 (Equivariant intersection theories).
Let X be a quasi-projective scheme equipped with a linear action of a linear algebraic group G. Let X = [X/G] be the quotient stack. Then
for all d where U i and x i are from Example 3.6. In particular, the right hand side is independent of the presentation X = [X/G] as a global quotient.
Example 3.9 (Equivariant Chow and algebraic cobordism theories). When the algebraic stack X admits a presentation as the global quotient [X/G] of a quasi-projective scheme X by a linear algebraic group G, Corollary 3.8 tells us that the limit theory H * (X ) coincides with the equivariant Chow theory for X = [X/G] of Edidin-Graham in [11] (resp. the equivariant algebraic cobordism of Krishna and Heller-Malagón-López in [19, 37] ) when H * is Chow in [15] (resp. algebraic cobordism of Levine-Morel in [40] ).
Thus the limit theory H * of quotient stacks generalizes all known equivariant intersection theories. It also proves that the equivariant theories are independent of the presentation of X as a quotient stack [X/G] for any H * .
For virtual intersection theories below, we will use cone stacks.
Example 3.10 (Cone stack). Let X ∈ St ga k and C = [C/E] be a globally presented cone stack for some vector bundle E and a E-cone C (cf. [1] ). As C is quasi-projective over X , C admits a good system {C i → C} of approximations by Lemma 3.4. Since C is an E-torsor over C, the good system {C i → C} for C induces a good system {C i → C → C} of approximations for C by the extended homotopy (EH). Therefore C ∈ St ga k .
3.
3. An example. Is there an algebraic stack admitting a good system of approximations which is not a global quotient stack?
Let X be a smooth algebraic stack with open substacks {X i } i≥0 satisfying
(1) X i ⊂ X i+1 for i ≥ 0 and X = ∪ i X i ; (2) each X i admits a good system of approximations {X i,j } j≥0 ; (3) there are morphisms X i,j → X i+1,j which factor as
for some vector bundles E i,j over X i,j and fit into commutative (3.10)
where the vertical arrows are the structural morphisms of good approximations.
Then it is immediate to see that X admits a good system of approximations
For example, let M = M C (r, d) denote the moduli stack of vector bundles of rank r and degree d over a smooth projective curve C of genus g over C.
For each m, fix an isomorphism
Fix a very ample line bundle O C (1) on C and let a be the degree of O C (1). Let ℓ = χ(O C (1)) = a− g + 1 so that we have a surjection O ⊕ℓ C → O C (1). Let P 0 = d − r(g − 1) = χ(E) be the Riemann-Roch number of E ∈ M and let P n = P 0 + ran = χ(E(n)). Consider the quot scheme
is an isomorphism. In particular, E is n-regular so that the natural map
is surjective. Let G n = GL(P n ). Then it is easy to see that
For m ≥ P n , let Hom(C m , C Pn ) • denote the set of surjective homomorphisms from C m to C Pn . By Example 3.6, the morphisms
form a good system of approximations for M n and Y n,m parameterizes surjective homomorphisms O ⊕m C (−n) → E that factor as
By (3.11), we have a morphism Y n,m → Y n+1,mℓ by sending (3.12) to
7).
We need to define refined Gysin pullbacks and exterior products. X
First let us assume that g is quasi-projective. For a good system {y i : Y i → Y} i of approximations, the induced Cartesian square
gives us the refined Gysin pullback
by Lemma 3.4. In general, for a good system {y ′ i :
for all i give us the refined Gysin pullback
By the arguments in the proof of Proposition 3.7, it is straightforward that the refined Gysin pullback does not depend on the choice of a good system of approximations. Also, these refined Gysin pullbacks are functorial.
where we used the exterior product × :
We leave it as an exercise to check that the exterior product in Definition 3.13 is independent of the choice of good systems of approximations.
All the axioms for a weak intersection theory in Definition 2.7 are easy to check for H * except possibly for the weak excision property. 
When ı is regular of codimension r, the homomorphism λ Z/X : H * (U ) → H * −r (Z) follows from taking the limit of λ Z i /X i .
This completes a proof of Theorem 3.11.
Virtual pullbacks
In this section, we generalize the virtual pullbacks in [43] to (1) weak intersection theories H * for an admissible category V of algebraic stacks with deformation spaces for Deligne-Mumford type morphisms and Gysin maps for vector bundle stacks and (2) the limit intersection theories H * for St ga k arising from intersection theories for quasi-projective schemes. The first case generalizes the constructions of Manolache in [43] for Chow and Qu in [48] for K. The second case generalizes the construction of virtual fundamental class by Shen in [49] for algebraic cobordism of quasi-projective schemes to quasi-projective Deligne-Mumford stacks (in the sense of [36] ).
4.1.
Weak intersection theories for algebraic stacks. Throughout this subsection, we assume the following. Assumption 4.1. Let H * be a weak intersection theory, possibly without the axioms (EH) and (PB), for an admisssible category V in St k satisfying the following:
(1) (Deformation spaces) for a Deligne-Mumford type morphism f :
2) (Gysin maps for vector bundle stacks) for a vector bundle stack E over X ∈ V, E lies in V and there is a Gysin map
for a vector bundle stack E ′ over X. Note that both Kresch's Chow theory for algebraic stacks which admit stratifications by quotient stacks and the algebraic K-theory for all algebraic stacks satisfy Assumption 4.1 (cf. [35, 48] ). Also any limit intersection theory H * induced from an intersection theory H * for quasi-projective schemes has Gysin maps for vector bundle stacks (3.7).
Recall that the defomation space for a morphism f : X → Y is a flat morphism M • X/Y → P 1 whose fiber over 0 is the relative intrinsic normal cone C X/Y of f and whose restriction to
Also recall from [1, 43] that a perfect obstruction theory φ : E → L f for a Deligne-Mumford type morphism f : X → Y is a morphism in the derived category of quasi-coherent sheaves on X such that (1) E is locally a two-term complex [E −1 → E 0 ] of locally free sheaves; (2) L f is the cotangent complex of f truncated to the interval [−1, 0]; (3) h 0 (φ) is an isomorphism and h −1 (φ) is surjective. By [1, 43] , a perfect obstruction theory gives us a closed embedding
of the intrinsic normal cone into the vector bundle stack E which is locally 
where r is the rank of E. For a Deligne-Mumford stack X with an embedding C X ֒→ E of the normal cone of X into a vector bundle stack E on X, the morphism p : X → Spec k defines the virtual fundamental class
where 1 ∈ H 0 (Spec k) is the unit in Definition 2.2 (i). 
where the middle vertical arrow is a perfect obstruction theory of
(3) If the perfect obstruction theories for f : X → Y and Y → Spec k satisfy the condition in (2), we have the equality
Proof. The exactly same arguments in [48] which in turn are adapted from the arguments in [15, 43, 5] hold for weak intersection theories under Assumption 4.1. We omit the details.
Note that we don't need (EH) and (PB) for virtual pullbacks and virtual fundamental classes in this subsection.
4.2.
Virtual pullback for quasi-projective schemes. Unfortunately, Assumption 4.1 is not automatically satisfied because usually an intersection theory of schemes does not extend to stacks except for a few cases. Moreover, for a Deligne-Mumford type morphism f : X → Y in V, the deformation space M • X/Y should lie in V. Hence the standard arguments in §4.1 do not give us the virtual pullbacks and the virtual fundamental classes for quasi-projective schemes or limit intersection theories in general.
In this subsection, we will directly construct the virtual pullbacks and virtual fundamental classes for intersection theories on QSch k . In the subsequent subsection, we will extend the construction to limit intersection theories on St ga k . As in §3, we will denote schemes by roman characters X, Y, Z and stacks by calligraphic X , Y, Z to distinguish them.
Throughout the rest of this section, we let H * be an intersection theory for the category QSch k of quasi-projective schemes and let H * denote the limit intersection theory for St ga k defined by (3.1). We begin our construction of the virtual pullback with the specialization homomorphisms for quasi-projective schemes.
Let f : X → Y be a morphism of quasi-projective schemes. Then f can be factored as the composition
of a closed immersion into a quasi-projective scheme Z and a smooth morphism g of relative dimension e. Since the deformation space M • X/Z is a quasi-projective scheme [15, Chapter 5], we have the specialization homomorphism (cf. (2.7))
The intrinsic normal cone of f is by definition the quotient
of the normal cone C X/Z by the relative tangent bundle T Z/Y of g. Hence the quotient map π :
is a T Z/Y | X -torsor. By the extended homotopy for H * , the smooth pullback
is an isomorphism.
Definition 4.5. For a morphism f : X → Y of quasi-projective schemes, the specialization homomorphism is the composition
The specialization homomorphism sp X/Y is well defined.
Lemma 4.6. sp X/Y is independent of the factorization X → Z → Y .
Proof. Choose another factorization X −→ Z ′ g ′ −→ Y of f by a closed immersion and a smooth morphism for some quasi-projective scheme Z ′ . After replacing Z ′ by Z × Y Z ′ , we may assume that there is a smooth morphism a :
and the inverse image of X × {0} is the Cartier divisor C X/Z ′ . Hence (4.8) factors through a morphism M • X/Z ′ −→ M • X/Z and we have the commutative diagram of Cartesian squares
Since Gysin pullbacks commute with smooth pullbacks, we have the equality
The morphism b is smooth by the exact sequence
We define the virtual pullback for a morphism of quasi-projective schemes as follows.
Definition 4.7. Let f : X → Y be a morphism of quasi-projective schemes equpped with an embedding of the intrinsic normal cone C X/Y ֒→ E into the vector bundle stack E = h 1 /h 0 (E ∨ ). Then the virtual pullback is defined by
where the second arrow is the projective pushforward by the embedding (4.1), r is the rank of E and 0 ! E is (3.7). For a quasi-projective scheme X with an embedding C X ֒→ E into a vector bundle stack, the morphism p : X → Spec k defines the virtual fundamental class (4.10) [X]
where 1 ∈ H 0 (Spec k) is the unit in Definition 2.2 (i).
Remark 4.8. (1) When H * is the algebraic cobordism in [40] , the virtual fundamental class [X] vir was defined in [49] . The virtual pullback in Definition 4.7 commutes with another virtual pullback and is functorial. (2) are proved by the usual arguments using the double deformation space in [48, 43, 35, 34, 30, 15] together with Lemmas 4.10 and 4.11. 
of quasi-projective schemes. Then we have the following morphisms
where , a and b are closed immersions.
Proof. For (1) and (2), it is easy to see that we may assume that f is a closed immersion since smooth pullbacks are functorial and commute with projective pushforwards. Then the diagram
of two transversal Cartesian squares proves (1) and (2) as in [43, 48] . The specialization homomorphism in (3) for the quasi-projective mor- Remark 4.8 (3) . We may assume that f and g are closed immersions since specialization homomorphisms commute with smooth pullbacks. Then the usual argument in [15, 43, 48] using the double deformation space (3) since the deformation spaces are quasi-projective schemes. 
give us the identity
Proof. Note that the specialization homomorphism for the quasi-projective morphism X → C Y /Z is defined by Remark 4.8 (3) . It is evident that we can form a commutative diagram
such that the horizontal arrows are closed immersions, the vertical arrows are smooth and the square is Cartesian. Then we have a factoriazation
by a closed immersion and a smooth morphism whose fiber over 0
of cone stacks. Since the vertical arrows are torsors of vector bundles of the same rank, the two squares are Cartesian. It suffices to prove the lemma for the closed immersions f ′ : X → Y ′ and g ′′ : Y ′ → Z ′′ since specialization homomorphisms commute with smooth pullbacks by Lemma 4.10 (2). Then the usual arguments in [15, 30, 43, 48] using the double deformation space
remain valid since all the deformations spaces and the cone stacks are quasi-projective schemes in this case.
4.3. Virtual pullback for limit intersection theory. In this subsection, we extend the results in 4.2 to limit intersection theories for St ga k . We first define the virtual fundamental class of an algebraic stack. Definition 4.12. Let X be a Deligne-Mumford stack equipped with a perfect obstruction theory φ : E → L X . For a smooth morphism t : T → X from a quasi-projective scheme T , we say φ lifts to a perfect obstruction theory φ t : E T → L T if φ and φ t fit into a commutative diagram of exact triangles
where Ω t = L t is the cotangent bundle of t.
} be a good system of approximations. We say the perfect obstruction theory φ of X is liftable to the system {x i } if φ lifts to perfect obstruction theories φ i : E i → L X i that fit into a commutative diagram (4.14)
The octahedron axiom of the derived category tells us that φ i and φ i+1 fit into a commutative diagram of exact triangles
The relative cotangent complex
, 0] and the lci pullback by ϕ i is the virtual pullback with perfect obstruction theory id :
By Definition 4.7, we have the virtual fundamental class
where r is the rank of E. Moreover, by Theorem 4.9, we have the equality
vir and thus {[X i ] vir } is a class in the inverse limit lim
Definition 4.13. Given a perfect obstruction theory for a Deligne-Mumford stack X which is liftable to a good system {x i : X i → X } of approximations, the virtual fundamental class of X is defined as the limt
Example 4.14. Let X = [X/G] be the quotient stack of a quasi-projective scheme acted on linearly by a linear algebraic group G. Then we have a good system x i :
Since U i /G is a quasi-projective scheme, the projection
is a fibration with fiber X. Suppose φ : E X → L X is a perfect obstruction theory of X which is a morphism in the G-equivariant derived category of quasi-coherent sheaves on X. Then φ descends to a perfect obstruction theory φ : E → L X and lifts to a perfect obstruction theory
As B i is smooth, φ η i induces a perfect obstruction theory φ i for X i by standard arguments [1] . It is straightforward to see that φ and φ i satisfy all the conditions in Definition 4.12. We thus obtain the virtual fundamental class
Next we define the virtual pullbacks for limit intersection theories. To simplify the discussion, we consider only quasi-projective morphisms (cf. Remark 4.19). 
} be a good system of approximations and consider the fiber diagram
is a good system of approximations by Lemma 3.4. The perfect obstruction theory for f induces a perfect obstruction theory for f i and hence the virtual pullback f ! i . By the commutativity of virtual pullbacks (Theorem 4.9), we have 
liftable to a good system {y i : Y i → Y} of approximations (resp. the induced system {x i :
A quasi-projective morphism of quasi-projective Deligne-Mumford stacks satisfies the assumptions in Theorem 4.16 and Proposition 4.17 Remark 4.19. The virtual fundamental class (4.16) and the virtual pullback (4.18) can be defined in much more general setting. In fact, the virtual fundamental class [X ] vir ∈ H r (X ) can be defined for any Deligne-Mumford stack with perfect obstruction theory. For the virtual pullback, we only need that f : X → Y is of Deligne-Mumford type and Y admits a good system of approximations. Here's the idea.
Let t : T → X be a smooth morphism with T a quasi-projective scheme and let ı : C X → E denote an embedding of the intrinsic normal cone of X into a vector bundle stack. The composition f t = f • t : T −→ X may not admit a perfect obstruction theory, but we have a morphism
by [43, 2.20] , where the first arrow fits into the short exact sequence
of cone stacks by [43, Remark 2.24] . As the last morphism C T → C X | T is A 1 -equivariant smooth and surjective, the smooth pullback
is an isomorphism. Then we define
The virtual fundamental class of X is defined as the limit
The virtual pullback is similarly defined. This general theory involves a lot of things to be checked and takes many pages. The details will appear in the second author's doctoral dissertation [47] .
Cosection localization of virtual fundamental classes
In [27, 28, 29] , it was proved that the virtual fundamental class [X ] vir for Chow, K and Borel-Moore homology is localized to the zero locus of a cosection σ when the obstruction sheaf Ob X = h 1 (E ∨ ) of the perfect obstruction theory φ : E → L X admits a homomorphism σ : Ob X → O X . This cosection localization turned out to be quite useful and led to many remarkable results (cf. [4, 6, 7, 8, 9, 13, 16, 17, 20, 22, 25, 26, 33, 44, 46] ).
In this section, we generalize the cosection localization to arbitrary intersection theory on QSch k and to limit intersection theories on the category DM ga k of Deligne-Mumford stacks in St ga k . Throughout this section, we fix an intersection theory H * for QSch k (Definition 2.2) whose limit theory on St ga k is denoted by H * as before. By (2.5), the projective pushforward gives us an isomorphism
for any quasi-projective scheme because all projective morphisms f : Y → X from smooth Y factor through the reduced scheme X red of X.
Lemma 5.1. For an algebraic stack X with a good system {x i : X i → X } of approximations, the projective pushforward gives us an isomorphism
Proof. Because x i is smooth, X i × X X red = (X i ) red and the induced smooth morphisms (X i ) red → X red is a good system of approximations by Lemma 3.4. By taking the limit, the isomorphisms H * ((X i ) red ) ∼ = H * (X i ) for schemes induce the isomorphism in the lemma. Theorem 5.2. Let X be a quasi-projective scheme equipped with a perfect obstruction theory φ : E → L X and a cosection σ : Ob X = h 1 (E ∨ ) → O X whose zero locus is denoted by X(σ). For any intersection theory H * for QSch k , there is a cosection localized virtual fundamental class
vir ∈ H r (X) where ı denotes the inclusion of X(σ) into X and r is the rank of E. Moreover [X] vir loc is deformation invariant. Here X(σ) is the closed subscheme defined by the ideal σ(Ob X ) ⊂ O X .
Proof. Since X is quasi-projective, the dual E ∨ of E is represented by a two-term complex [E 0 → E 1 ] of locally free sheaves on X, so that we have an exact sequence
By [27, Proposition 4.3] , the intrinsic normal cone C X has its support in E(σ) and we have a commutative diagram
of closed immersions. Denoting the specialization homomorphism (4.7) for X → Spec k by sp, we have a commutative diagram
whose top row sends 1 to the virtual fundamental class [X] vir = [X] vir H . All vertical arrows are projective pushforwards.
Lemma 5.5 below says that when H * = Ω * is the algebraic cobordism theory in [40] , there is a homomorphism 0 ! E,loc which completes the last square. Hence for H * = Ω * , we can define the cosection localized virtual fundamental class [X] vir Ω,loc as the image of 1 by the bottom row and the theorem is proved in this case.
By Theorem 2.6, the algebraic cobordism theory is universal in the sense that for any intersection theory H * on QSch k and a quasi-projective scheme X, there is a unique Ω * (X) → H * (X) that preserves all the operations in an intersection theory. Hence the top row of (5.4) fits into a commutative
and hence the image of the virtual fundamental class of X in Ω r (X) by the last vertical arrow is the virtual fundamental class [X] vir H ∈ H r (X). Then
vir Ω,loc ∈ Ω r (X(σ)) by the universal homomorphism Ω r (X(σ)) → H r (X(σ)) is the desired cosection localized virtual fundamental class for H * . See Proposition 5.7 for the deformation invariance. This completes our proof.
For the construction below, we will need the intersection with −D for an effective Cartier divisor D. Let F H (u, v) ∈ H * (Spec k) [[u, v] ] be the formal group law (2.9) for H * .
Definition 5.3. Let  : D ֒→ X be an effective Cartier divisor on a quasiprojective scheme X and let L = O X (D). By using the formal inverse u g(u) in (2.10) of u, the intersection with −D is defined by
We will also use the following fact.
be a Cartesian square of quasi-projective schemes where ı is a closed immersion and f is projective. If f is an isomorphism over W − Z, we have an exact sequence
Lemma 5.5. There is a homomorphism 0 ! E,loc : Ω * (E(σ)) → Ω * (X(σ)) that completes the last square of the commutative diagram (5.4) when H * = Ω * is the algebraic cobordism in [40] .
Proof. By the definition of 0 ! E , the last square in (5.4) is the commutative
where r i is the rank of E i for i = 0, 1 so that r = r 0 − r 1 . Hence it suffices to complete the last square in (5.7). Let ρ : X → X be the blowup of X along X(σ) and ρ ′ : D → X(σ) be the restriction of ρ to the exceptional divisor D. Then the cosection
lifts to a surjective homomorphism
). Applying Lemma 5.5 to the fiber square
we obtain an exact sequence
In particular, for ξ ∈ Ω * (E 1 (σ)), we can find a ζ ∈ Ω * (E ′ ) and η ∈ Ω * (E 1 | X(σ) ) such that
. By a straightforward computation, we have
Hence, (5.8) is independent of the choice of (ζ, η).
Finally we show that the map 0 ! E,loc in Lemma 5.5 is indepedent of the choice of the resolution [E 0 → E 1 ] of the dual of the perfect obstruction theory E and hence so is the virtual fundamental class [X] vir loc . Proposition 5.6. The cosection-localized Gysin map 0 ! E,loc is independent of the choice of the presentation
Proof. Consider another presentation [F 1 /F 0 ] ∼ = E. We may assume that there is a surjective morphism ϕ :
It remains to prove that
As in the proof of Lemma 5.5, let ρ : X → X be the blowup with exceptional divisor D and let
). Then we have a commutative diagram of short exact sequences
over X. The proposition follows from
which is a direct consequence of the functoriality of Gysin pullbacks.
By the arguments for [5, Theorem 2.6], we obtain a generalization of the virtual pullback formula (4.6).
Proposition 5.7. Let X (resp. Y ) be a quasi-projective scheme equipped with a perfect obstruction theory
Suppose we further have a morphism f : Y → X equipped with a perfect obstruction theory φ Y /X : E Y /X → L Y /X that fits into the commutative diagram
of exact triangles. If we have a cosection σ X : Theorem 5.8. Let X be a Deligne-Mumford stack equipped with a good system {x i : X i → X } of approximations and a perfect obstruction theory φ : E → L X , liftable to the system {x i }. If X has a cosection σ : Ob X = h 1 (E ∨ ) → O X , there is a cosection localized virtual fundamental class
satisfying the deformation invariance and ı * [X ] vir loc = [X ] vir , where ı denotes the inclusion of the zero locus X (σ) of the cosection σ into X .
Proof. By assumption, we have a perfect obstruction theory φ i : E i → L X i for each i, that fit into diagrams (4.13), (4.14) and (4.15). The zero locus X (σ) of σ is defined as the closed substack defined by the ideal sheaf I of h 1 (E ∨ ) =: Ob X . Dualizing (4.13) for the smooth morphism x i : X i → X , we obtain a commutative diagram
and thus we have a cosection
By Lemma 3.4, the restrictions X i (σ i ) → X (σ) of x i form a good system of approximations. By Proposition 5.7 and (4.15), we find that
Hence {[X i ] vir loc } ∈ H(X (σ)) and (5.11) is well defined. The remaining properties follow from those of [X i ] vir loc for each i.
Remark 5.9. As in Remark 4.19, Theorem 5.8 holds in a much more general setting. The details will appear in [47] .
Fix * = d and let K i be the kernel of the first arrow and L i be the kernel of the second arrow so that we have two exact sequences 
It is easy to see that these conditions hold once we prove (*) there is an integer M > 0 such that the homomorphisms K i → K i−M are trivial for i big enough.
We may assume that X T is connected. Indeed, if X T = j X T j , then
Thus, it suffices to prove (*) for the case where the T -fixed locus is connected. By our assumption that the T -action on X admits a linearization, there is a smooth quasi-projective scheme Y with a linear T -action and a Tequivariant embedding X ֒→ Y . We then have the Cartesian square
of closed immersions with Y T smooth (cf. [21] ). By taking a smaller Y if necessary, we may assume that Y T is connected since X T is connected. By (2.6), we have 
where N i is the normal bundle of  i and s is the rank of N i . Hence, we have
and thus it suffices to show that the inverse system of {ker(c s (N i ))} i satisfies the condition (*) which follows from Lemma 6.2 below, because the T -fixed part of N Y T /Y is zero (cf. [21] ). Lemma 6.2. Let X be a connected quasi-projective scheme with the trivial T -action and N be a T -equivariant vector bundle of rank s with nonzero weights only. Let N i = N × T U i → X × U i /T = X × (P i−1 ) r be the bundle induced by N and K i denote the kernel of
Then there exists a positive integer M such that the homomorphism
which is the restriction of the Gysin pullback by the regular immersion
Proof. We may decompose N = ⊕ m j=1 N (λ j ) into subbundles where T acts on N (λ j ) with nonzero weight λ j = r l=1 a jl t l for a jl ∈ Z. Then
as a bundle over X × (P i−1 ) r . Let ζ l = c 1 (O (P i−1 ) r (e l )) for the standard basis vectors e l of Z r so that
a jl ζ l + (higher order terms).
Let s j be the rank of N (λ j ) so that s = j s j .
By the projective bundle formula (6.1) and the Whitney sum formula, we may write the top Chern class of N i as . Let Q ⊆ R be the multiplicative subset generated by the first Chern classes {c T 1 (k(λ))} λ =0∈ T .
Proposition 6.3. Let X be a quasi-projective scheme with a linear Taction. If X T = ∅, then there is a q ∈ Q such that q · H T * (X) = 0. Proof. If suffices to prove that there exists a q ∈ Q such that q · H d+r(i−1) (X × T U i ) = 0 for all d and i. We will use an induction on the dimension of X. By (2.5) and (5.1), we may assume that X is reduced. We may also assume that X is irreducible because if X = X 1 ∪ X 2 , then is an isomorphism.
Proof. From the proof of Lemma 6.2, we find that c s (N ) is the sum of the product of a finite number of elements in Q and a nilpotent operator. Hence c s (N ) is invertible.
6.2. Virtual torus localization theorem for schemes. The goal of this subsection is to prove the following by the method of [5] .
Theorem 6.6. Let X be a quasi-projective scheme equipped with a linear action of a torus T and a T -equivariant perfect obstruction theory φ : E → L X . Let H * be an intersection theory on QSch k . Let F = X T denote the T -fixed subscheme and φ F : E F = E| fix F → L F be the perfect obstruction theory of F (cf. [5, Lemma 3.3] ). Let N vir = (E| mv F ) ∨ be the virtual normal bundle of F . Then the virtual fundamental classes of X and F satisfy (6.4) [X]
For the scheme structure of F and the perfect obstruction theory φ F etc, see [5, §3] By [5, (3.1) ], the perfect obstruction theory φ for X and the modified perfect obstruction theoryφ F for F fit into the commutative diagram of exact triangles by applying the proof of [5, Lemma 3.7] (with σ = 0) where ı ! was taken with respect to the relative perfect obstruction theory N ∨ 0 [1] . By (6.5) and (6.6), we have (2) Theorem 6.6 generalizes the virtual torus localization in [18] for Chow. See [48] for the proof of (6.4) in K-theory.
6.3. Virtual torus localization theorem for stacks. Let G be a linear algebraic group and T be a torus. Let X be a quasi-projective scheme with a linear action of G × T . Let φ : E → L X be a G × T -equivariant perfect obstruction theory of X. Suppose G acts on X with only finite stabilizers so that X = [X/G] is a Deligne-Mumford stack and φ descends to a perfect obstruction theory of X . Let F = X T be the T -fixed locus and N vir be the virtual normal bundle in Theorem 6.6. By Example 4.14, we have induced perfect obstruction theories on the good approximations X i = X × G U i . By Theorem 4.16, we have the virtual fundamental classes [X ] vir ∈ H is the virtual normal bundle of F i in X i . Since the virtual pullback commutes with projective pushforwards and Chern classes, upon taking the limit over i, we obtain the following. where e(N vir ) is defined as the limit of e(N vir i ).
